This paper introduces a variant of entropy measures based on vertex eccentricity and applies it to all graphs representing the isomers of octane. Taking into account the vertex degree as well (degree-ecc-entropy), we find a good correlation with the acentric factor of octane isomers. In particular, we compute the degree-ecc-entropy for three classes of dendrimer graphs.
Introduction
This paper introduces a new measure of graph entropy that takes into account the vertex degree and eccentricity. Each vertex is assigned a probability based on its degree and eccentricity. This assignment defines a probability distribution over the vertices of a graph to which Shannon's entropy function is applied. The result is a numerical value called the eccentricity-entropy of the graph. The main goal of this paper is to study the properties of so-called dendrimer graphs [1, 2] by means of eccentricity entropy; the principal result reported here is a good correlation between eccentricity-entropy and an important physical property of dendrimers.
In [1, 2] , we derived some topological information content of fullerenes. Since fullerenes are three regular graphs, the degree-ecc-entropy and the ecc-entropy explore the same topological information content of a graph. However, dendrimers are completely different. They are hyper-branched macromolecules, and thus, the degree of vertices is important in computing the degree-ecc-entropy. Since the degree-ecc-entropies are based on both the degree and eccentricity of vertices, we chose dendrimers. Here, we first obtain concrete expressions for the graph entropy measures on the defined classes of dendrimers. These results can be useful when applying the measures on the dendrimers for practical applications. Second, we generated numerical results to examine the correlations between the ecc-entropy and the acentric factor of octane isomers. We show that degree-ecc-entropy is highly correlated on dendrimers.
Definition and Examples
Let G = (V, E) be a graph where V and E denote the sets of vertices and edges, respectively. The distance between two vertices u, v in G, denoted by d(u, v), is defined as the length of a minimum path connecting them. The eccentricity of a vertex v, denoted by σ(v), is given by max{d(u, v) : u ∈ V(G)}; see [3, 4] .
A number of measures using Shannon's entropy function have been introduced and investigated since the 1950s; see [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . The discrete form of this well-known function is defined for a probability vector p = (p 1 , p 2 , . . . , p n ) and has the form I(p) = − n ∑ i=1 p i log(p i ); see [16] . Note that the logarithms used in this paper are all base two.
Measures such as the one introduced here typically define probability distributions over subsets of graph elements. In the present case, the subsets consist of single vertices. A precise definition of eccentricity entropy is as follows. For a given graph
The entropy I f σ (G) is called the ecc-entropy based on µ where:
and T = ∑ n j=1 c j σ(v j ). If we put c i = deg v i , then we can reformulate Equation (1) as the following equation:
Example 1. Consider the dendrimer graph G [1] shown in Figure 1 . It is easy to see that: 
and thus: 
Example 2.
Consider all isomers of octane as shown in Figure 4 . The acentric factor and the entropy of the octane isomers are given in Table 1 . The ecc-entropy of these isomers can be directly derived from the definition of eccentricity and Equation (1) . These values are reported in Table 1 . By comparing the values of Table 1 , one can see easily that there is a correlation R 2 ≈ −0.348 between ecc-entropy and the acentric factor of octane isomers and a correlation R 2 ≈ −0.36 between ecc-entropy and S. However, by putting c i = degv i , we achieve a new version of entropy, namely degree-ecc-entropy, in which the correlation between degree-ecc-entropy and the acentric factor of octane isomers increases sharply to R 2 ≈ 0.8. This shows that important physical properties of these molecules can be determined by computing degree-ecc-entropy. Degree-ecc-entropy is a very specialized measure, and of course, other entropy measures might capture other properties of these molecules. 
General Results on the Ecc-Entropy of Dendrimers
Two vertices of a graph are said to be similar if one can be mapped into the other by an automorphism. This is important here since it is well known that similar vertices have the same eccentricity. Hence, in a vertex-transitive graph, for all sequences c 1 ≥ c 2 ≥ ... ≥ c n , we have:
As a special case, if c i = c j for all i = j, then I f σ (G) = log(n).
Proposition 1 ([9] ). Suppose G is a graph and V 1 , V 2 , · · · , V k are all orbits of Aut(G) on V(G). Then:
In addition, if c 1 = c 2 = ... = c n , then:
where
Dendrimers constructed by hyper-branched macromolecules can be arranged in either convergent or divergent form. A dendrimer graph is a molecular graph associated with a dendrimer molecule. The aim of this section is to determine the ecc-entropy of three classes of dendrimers. The first class consists of connected, acyclic graphs, namely trees.
Let G[n] be the dendrimer graph shown in Figure 5 
is isomorphic to the path P 6 . Clearly,
Hence, we have the following theorem.
Theorem 1. For graph G[n]
, if c i = c j for i = j then,
. If in addition c i = degv i , then:
I f dσ (G[n]) = log(m) − (4(σ log 2σ + (σ + 1) log 2(σ + 1)) + 6(σ + 2) log 3(σ + 2)
where:
Proof. Applying our method for graph G[1], G [2] and G [3] in Example 1, we obtain the eccentricity values of vertices in Table 2 . It is easy to see that every vertex of G[n] has degree 1, 2, or 3. Since G[n] has n orbits, there are n types of vertices in G[n] and σ = 4n + 3. Computing the eccentricity of each vertex as reported in Table 2 , the assertion follows. Step Example 3. Consider the dendrimer graph H [1] as depicted in Figure 6 . It is easy to see that: In general, the number of vertices of H[n] is:
Hence, we conclude the following theorem.
Theorem 2. Let H[n] be a dendrimer graph as shown in Figures 7 and 8 . If c i = c j for i = j, then:
Proof. As in the proof of Theorem 1, since there are n orbits for this graph, we can divide the vertices of the graph into n distinct types. Using Table 3 , the proof is straightforward. Step 
Finally, we are ready to compute the entropy of dendrimer graph K[n] shown in Figures 9-11 . First, we assume n = 1; see Figure 9 . It is not difficult to see that: 
and thus: Similarly, we can compute these values for the cases n = 2 in graph K[n], which is depicted in Figure 10 . A direct computation shows that: Table 4 and Figure 11 . As found in the previous theorems, there are n types of vertices in graph K[n], and their eccentricities are reported in Table 4 . In general, the number of vertices of K[n] is: |V(H[n])| = 28 + 2 × 9 + 4 × 9 + . . . + 2 n × 9 = 28 + 9 n ∑ i=1 2 i = 28 + 9(2 n+1 − 1 − 1) = 9 × 2 n+1 + 10.
Now, consider
Hence, we have the following theorem: Theorem 3. Let K[n] be the dendrimer graph shown in Figure 11 . If c i = c j for i = j, then:
. If c i = d i , then:
where σ = 5n + 9 and m = 350n + 450 + ∑ n i=1 2 i (85n + 85i + 122) + 4 ∑ n−1 j=1 2 j (5n + 5j + 9) + 2 n (20n + 18). Step Step 
Numerical Results
One method to estimate the complexity of a network is to measure the entropy of network invariants, such as eccentricity or degree sequences; see [17] . On the other hand, the main application of the Shannon entropy is the information content of graphs. In [18] , it was shown how the entropy of different graph properties can produce divergent values of entropy for exactly the same graph.
The findings presented in this section show that the correlation between ecc and degree-ecc-entropy measures of three dendrimers is approximately R 2 ≈ 0.999, see This means that the ecc and degree-ecc-entropy measures might be interesting for further investigations in predicting the physico-chemical properties of molecules [12, 14, [18] [19] [20] [21] [22] [23] [24] . The reasons for choosing these molecular descriptors is that the dendrimers are hyper-branched molecules the degree and eccentricity of vertices of which are important. 
Conclusions
In this paper, we studied the mathematical description of chemical structures using informationentropy-based structural descriptors. In other words, the present paper established important correlations between ecc and degree-ecc-entropies of three dendrimers G[n], H[n], and K[n]. In [1] , the authors focused on fullerenes and computed some results on these structures. Since fullerenes are regular graphs and the degree-ecc-entropies are based on both the degree and eccentricity of vertices, we chose dendrimers, which are highly branched molecules. In future work, we plan to apply our methods to other classes of molecular graphs.
